We show that the bivariant Chern character in entire cyclic cohomology constructed in a previous paper in terms of superconnections and heat kernel regularization, retracts on periodic cocycles under some finite summability conditions. The trick is a bivariant generalization of the Connes-Moscovici method for finitely summable K-cycles. This yields concrete formulas for the Chern character of p-summable quasihomomorphisms and invertible extensions, analogous to those of Nistor. The latter formulation is completely algebraic and based on the universal extensions naturally appearing in bivariant K-theory. This and the excision property of periodic cyclic cohomology imply as usual the compatibility of the bivariant Chern character with the Kasparov product between KK-elements whenever it is defined.
Introduction
In a previous paper [24] we introduced a bivariant Chern character in entire cyclic cohomology. We were mainly motivated by the need for a noncommutative generalization of the Atiyah-Singer index theorem for families of Dirac operators, with potential applications to mathematical physics. The basic ingredient of the construction is the use of heat kernel regularization for infinitedimensional traces, in the spirit of the Bismut-Quillen approach of the families index theorem [2, 27] . For the sake of definiteness, we have to work in the category of bornological algebras. Recall that a (convex) bornology on a vector space is a collection of subsets playing at an abstract level the same role as the bounded sets of a normed space [17] . A bornological algebra is a bornological space for which the multiplication is bounded. Given two complete bornological algebras A and B, we define in [24] the Z 2 -graded semigroup Ψ * (A, B) of unbounded A-B-bimodules, in full analogy with the Baaj-Julg description of Kasparov's KK-groups [3] 
from a restricted subset of θ-summable bimodules, to the bivariant entire cyclic cohomology HE * (A, B). The latter is a generalization of the entire cyclic cohomology of Connes [6] and was introduced by Meyer in [20] . The interesting feature of the entire cyclic theory is that it contains infinite-dimensional cocycles, which are well-adapted to the heat kernel method. In the particular case where B = C, our formula exactly reduces to the JLO cocycle representing the Chern character of θ-summable K-cycles over A [18] . When A = C and B is arbitrary, then (1) is a noncommutative generalization of Bismut's formula for the Chern character of the K-theory element defined by a family of Dirac operators over the "manifold" B. In both cases, it is well-known that asymptotic expansions of the heat kernel [1, 15] give rise to local expressions allowing to compute the Chern character in many interesting geometric situations, including noncommutative ones [9] . Thus our construction of (1) allows, in principle, to extend these methods to the bivariant case. However, when dealing with unbounded bimodules, it is not easy to describe the most interesting aspect of bivariant K-theory, namely the Kasparov intersection product [3] , as far as the latter is well-defined in our bornological context. Consequently, it is doubtful that we can check directly the compatibility of the bivariant Chern character with such a product, that is, the multiplicativity of the map (1).
To this classical "geometric" picture of the bivariant theory, we would like to oppose the purely algebraic approach of Cuntz [10, 11] . In this formulation, KK-theory is obtained via universal algebras and extensions. The algebraic nature of these objects together with the excision property of cyclic cohomology allows to construct a bivariant Chern character compatible with the Kasparov product, for various categories of algebras [11, 25, 26] . It is therefore tempting to compare this approach with our geometric method involving families of Dirac operators and heat kernel regularization. A compatibility between both constructions would automatically imply that the map (1) is a correct bivariant Chern character.
The aim of this paper is twofold. First, we show that under finite summability conditions, the entire Chern character retracts on a collection of periodic (i.e. finite-dimensional) cocycles. This is a bivariant generalization of the ConnesMoscovici retraction of the Chern character for finite-dimensional K-cycles over A [7, 8] . Second, these cocycles are well-adapted to the quasihomomorphism description of KK-groups, which connects our construction with the algebraic approach. Excision therefore implies the compatibility with the Kasparov product. In fact, one can show that our bivariant periodic cocycles are equivalent to Nistor's results [22, 23] .
The paper is organized as follows. In section 2 we recall the basic notions concerning bornological spaces, universal algebras and extensions, and the different versions of bivariant cyclic cohomology we need, namely the entire and periodic ones. We then recall in section 3 the construction of the entire bivariant Chern character of [24] with some details. This is necessary in order to fix the fundamental objects and notations of the theory. This construction is performed in two steps. First, given an unbounded A-B-bimodule, we construct a chain map χ : Ω ǫ A → X(B) from the (b + B)-complex of entire chains over A [4, 5] , to the X-complex of B [13, 20] . This morphism is basically obtained from the exponential of the curvature of a Quillen superconnection. The requirement of boundedness for this exponential constitutes the θ-summability condition needed for the definiteness of χ. This automatically incorporates the heat kernel regularization associated to the laplacian of the Dirac operator. The second step consists in lifting the whole construction of χ, simply upon replacing A and B by their analytic tensor algebras T A and T B [20] , which yields, up to a Goodwillie equivalence [13, 16, 20] , the bivariant Chern character in the entire cyclic cohomology HE * (A, B). After these preparatory matters, we show in section 4 that under p-summability hypotheses, the entire chain map χ retracts on a collection periodic cocycles. This retraction is exactly analogous to the procedure of Connes-Moscovici for p-summable K-cycles [7, 8] , the only difference is the use of the complex X(B) (or X(T B) in the lifted case) instead of C as the target of χ. The net result is that we get explicit formulas for the bivariant Chern character of p-summable bounded Kasparov A-B-modules. In section 5, we arrange these periodic cocycles into simpler expressions and relate them to the universal algebras of Cuntz and Zekri [10, 30] . This allows to provide a purely algebraic construction of a periodic Chern character on KK-groups in section 6. In the even case, we define the algebraic version of KK 0 (A, B) as the set of finitely summable quasihomomorphisms from A to B modulo homotopy and addition of degenerate elements. That is, if L and ℓ p denote respectively the algebra of bounded operators and the Schatten ideal of p-summable operators on an infinite-dimensional separable Hilbert space, then a p-summable quasihomomorphism is given by a pair of homomorphisms ρ ± : A → L⊗B whose difference ρ + − ρ − maps to ℓ p⊗ B. The universal cocycles of the preceding section then yield a collection of cohomology classes in the bivariant groups HC 2n (A, B) for 2n ≥ p, whose images in the periodic theory HP 0 (A, B) all coincide. Since we work fundamentally with the Cuntz algebra, the proof of excision in periodic cyclic cohomology implies that the bivariant Chern character is compatible with the Kasparov product whenever the latter is defined. There is also an analogous construction in the odd case, where we define the algebraic version of KK 1 (A, B) as the set of invertible extensions of A by ℓ p⊗ B modulo homotopy and addition of degenerates. Again, we get a collection of classes in the odd groups HC 2n+1 (A, B) for n sufficiently large, having the same image in the periodic theory HP 1 (A, B).
We insist on the fact that, though all the computations performed in this paper may look somewhat complicated, the explicit formulas of the periodic Chern character ch : KK * (A, B) → HP * (A, B) , * = 0, 1 (2) are really given by simple and useful expressions (see propositions 5.1, 5.3 and section 6). Moreover, it should be understood that the construction of (2) is by no means subordinate to the existence of the entire Chern character (1) . The point is that both constructions, based on very different grounds, essentially coincide under suitable summability conditions.
Preliminaries
Here we recall briefly the basic notions used throughout the paper. Most of this material is developed in great detail in the reference documents [11, 13, 14, 17, 20] .
Bornological algebras. A bornological vector space V is a vector space endowed with a collection S(V) of subsets S ⊂ V, called the bornology of V, satisfying certain axioms reminiscent of the properties fulfilled by the bounded sets of a normed space [17, 20] :
• {x} ∈ S(V) for any vector x ∈ V.
• S 1 + S 2 ∈ S(V) for any S 1 , S 2 ∈ S(V).
• If S ∈ S(V), then T ∈ S(V) for any T ⊂ S.
• S ⋄ ∈ S(V) for any S ∈ S(V),
where S ⋄ is the circled convex hull of the subset S. The elements of S(V) are called the small subsets of V. If a small subset S is a disk (i.e. circled and convex), then its linear span V S has a unique seminorm for which the closure of S is the unit ball; S is called completant iff V S is a Banach space. V is a complete bornological vector space iff any small subset T is contained in some completant small disk S ∈ S(V). Typical examples of complete bornological spaces are provided by Banach or complete locally convex spaces, endowed with the bornology corresponding to the collection of all bounded subsets. The interesting linear maps between two bornological spaces V and W are those which send S(V) to S(W). Such maps are called bounded. The vector space of bounded linear maps Hom(V, W) is itself a bornological space, the small subsets corresponding to equibounded maps (see [17, 20] ). It is complete if W is complete. Similarly, an n-linear map V 1 × . . . V n → W is bounded if it sends an n-tuple of small sets (S 1 , . . . , S n ) to a small set of W. A bornological algebra A is a bornological vector space together with a bounded bilinear map A×A → A. We will be concerned only with associative bornological algebras. Given a bornological space V, its completion V c is a complete bornological space defined as the solution of a universal problem concerning the factorization of bounded maps V → W with complete target W. This completion always exists [17, 20] . If V is a normed space endowed with the bornology of bounded subsets, then its bornological completion coincides with its Hausdorff completion. The completed tensor product V 1⊗ V 2 of two bornological spaces V 1 and V 2 is the completion of their algebraic tensor product for the bornology generated by the bismall sets S 1 ⊗ S 2 , ∀S i ∈ S(V i ). The completed tensor product is associative, whence the definition of the n-fold completed tensor product V 1⊗ . . .⊗V n . For normed spaces, this coincides with the usual projective tensor product. If A and B are bornological algebras, their completed tensor product A⊗B is a complete bornological algebra.
Non-commutative differential forms. Let A be a complete bornological algebra. The algebra of non-commutative differential forms over A is the direct sum ΩA = n≥0 Ω n A of the n-dimensional subspaces Ω n A = A⊗A⊗ n for n ≥ 1 and Ω 0 A = A, where A = A ⊕ C is the unitalization of A. It is customary to use the differential notation a 0 da 1 . . . da n (resp. da 1 . . . da n ) for the string a 0 ⊗ a 1 . . . ⊗ a n (resp. 1 ⊗ a 1 . . . ⊗ a n ). The differential d : Ω n A → Ω n+1 A is uniquely specified by d(a 0 da 1 . . . da n ) = da 0 da 1 . . . da n and d 2 = 0. The multiplication in ΩA is defined as usual and fulfills the Leibniz rule d(ω 1 ω 2 ) = dω 1 ω 2 + (−) |ω1| ω 1 dω 2 , where |ω 1 | is the degree of ω 1 . Each Ω n A is a complete bornological space by construction, and we endow ΩA with the direct sum bornology. This turns ΩA into a complete bornological differential graded (DG) algebra, i.e. the multiplication map and d are bounded. It is the universal complete bornological DG algebra generated by A. On ΩA are defined various operators. First of all, the Hochschild boundary
for ω ∈ Ω n A, and b = 0 on Ω 0 A = A. One easily shows that b is bounded and b 2 = 0. Then the Karoubi operator κ : Ω n A → Ω n A is defined by 1 − κ = db + bd. Therefore κ is bounded and commutes with b and d. One has κ(ω da) = (−) n da ω for any ω ∈ Ω n A and a ∈ A. The last operator is Connes' B :
It is bounded and verifies B 2 = 0 = Bb + bB and Bκ = κB = B. Thus ΩA endowed with the two anticommuting differentials (b, B) is a complete bornological bicomplex. We also define three other bornologies on ΩA, leading to the notion of entire cyclic cohomology:
• The entire bornology S ǫ (ΩA) is generated by the sets
where [n/2] = k if n = 2k or n = 2k + 1, and S = S + C. That is, a subset of ΩA is small iff it is contained in the circled convex hull of a set like (3). We write Ω ǫ A for the completion of ΩA with respect to this bornology. Ω ǫ A will give rise to the (b, B)-complex of entire chains.
• The analytic bornology S an (ΩA) is generated by the sets n≥0 S(dS) n , S ∈ S(A). The corresponding completion of ΩA is Ω an A. It is related to the X-complex description of entire cyclic homology.
• The de Rham-Karoubi bornology S δ (ΩA) is generated by the collection of sets n≥0
, with completion Ω δ A. It gives rise to the correct analytic completion of the complex introduced by Karoubi for the construction of characteristic classes in algebraic K-theory [19] .
The multiplication in ΩA is bounded for the three bornologies above, as well as all the operators d, b, κ, B. Moreover, the Z 2 -graduation of ΩA given by even and odd forms is preserved by the completion process, so that Ω ǫ A, Ω an A and Ω δ A are Z 2 -graded differential algebras, endowed with the operators b, κ, B fulfilling the usual relations. In particular, Ω ǫ A is called the (b, B)-complex of entire chains. Note also that the rescaling c : Ω an A → Ω ǫ A induced by its action on n-forms
obviously provides a linear bornological isomorphism.
The tensor algebra. Let A be a complete bornological algebra. The nonunital tensor algebra over A is the direct sum T A = n≥1 A⊗ n . It is a complete bornological algebra for the direct sum bornology. Let m : T A → A be the (bounded) multiplication map, sending a 1 ⊗ . . . ⊗ a n to the product a 1 . . . a n . The inclusion σ A : A → T A is a bounded linear lift of m, hence the kernel JA of m is a direct summand in T A. This implies a linearly split exact sequence of complete bornological algebras 0 → JA → T A → A → 0. As a bornological algebra, T A is isomorphic to the even part of ΩA endowed with the Fedosov product [13] ω
The correspondence between the elements of (Ω + A, ⊙) and T A is given by
where ω(a i , a j ) := a i a j − a i ⊗ a j ∈ A ⊕ A⊗ 2 is the curvature of (a i , a j ). The ideal JA is then isomorphic to the Fedosov subalgebra of differential forms of degree ≥ 2:
It turns out that the Fedosov product ⊙ is also bounded for the bornology S an restricted to the even part Ω + A, and thus extends to the analytic completion Ω + an A. The complete bornological algebra (Ω + an A, ⊙) is also denoted by T A and called the analytic tensor algebra of A in [20] . Again, let σ A be the bounded inclusion A → T A. Then there is a unique bounded homomorphism v A : [20] . We denote by J A the kernel of the multiplication map T A → A. It is a direct summand of T A, whence an exact sequence of complete bornological algebras
split by the bounded linear map σ A .
The Cuntz and Zekri algebras. Let A and B be two complete bornological algebras. The free product A * B is the (non-unital) complete bornological algebra generated by A and B. We can write
where only alternate tensor products of A and B appear. A * B is endowed with the direct sum bornology, and the product is such that whenever two elements of A meet, we take the multiplication in A instead of the tensor product, and similarly for the elements of B. There are two canonical inclusions α : A → A * B and β : B → A * B which are bounded algebra homomorphisms. The free product enjoys the following universal property: given two bounded homomorphisms φ : A → C and ψ : B → C with target a complete bornological algebra C, then there is a unique bounded homomorphism φ * ψ : A * B → C such that φ = (φ * ψ) • α and ψ = (φ * ψ) • β. The Cuntz algebra [10] is the free product QA = A * A. The two injections of A into QA are denoted by ι and ι. Thus the universal property of QA is that it factors pairs of homomorphisms A ⇉ C. In particular, we let qA be the kernel of the folding map id * id : QA → A sending both copies ι(A) and ι(A) into A.
Since id * id is split by the bounded homomorphism ι : A → QA, the ideal qA is a direct summand and we have an exact sequence of complete bornological algebras
split by both homomorphisms ι and ι. This sequence is universal among the extensions split in two different ways: given any extension of complete bornological algebras 0 → I → E → A → 0 split by two bounded homomorphisms φ, φ : A ⇉ E, one has the commutative diagram
In fact QA is isomorphic to the Fedosov algebra (ΩA, ⊙) of all differential forms (not only even), for the product
where |ω 1 | is the degree of the (homogeneous) form ω 1 . The correspondence QA ↔ ΩA sends ι(a) to a + da and ι(a) to a − da. Since ΩA is naturally Z 2 -graded by the degree of forms, QA becomes a Z 2 -graded algebra. The action of the generator of Z 2 exchanges the roles of ι and ι. We will denote by Q s A this algebra considered in the supersymmetric category. Q s A has the following universal property: given any bounded homomorphism ρ from A to a unital Z 2 -graded complete bornological algebra B containing a symmetry X ∈ B, X 2 = 1, implementing the grading on B (i.e. b → XbX generates the action of Z 2 ), then there is a unique bounded homomorphism of even degree ρ s : Q s A → B mapping ι(a) to ρ(a) and ι(a) to Xρ(a)X. Q s A is also closely related to the Zekri algebra EA = QA ⋊ Z 2 , verifying a similar universal property [30] (here QA is the unitalization of QA).
X-complex. Let A be a complete bornological algebra. The space of one-forms Ω 1 A is an A-bimodule, hence we can take its quotient Ω 1 A ♮ by the subspace of commutators [A, Ω
1 A] = bΩ 2 A. It may fail to be complete in general. In order to avoid confusions in the subsequent notations, we always write a one-form a 0 da 1 ∈ Ω 1 A with a bold d when dealing with the X-complex of A. The latter is the supercomplex [13] 
where A is located in degree zero and Ω , by setting X(ρ)(a) = ρ(a) and X(ρ)(♮a 0 da 1 ) = ♮ ρ(a 0 )dρ(a 1 ). Now let I ∈ A be a two-sided ideal. By convention, I
n will always denote the completion of the nth power of I in A for any n ∈ Z, with I n = A if n ≤ 0. As in [13] , we introduce the adic filtration of X(A) by the subcomplexes
This is a decreasing filtration:
be the quotient complex. We thus get an inverse system (X n (A, I)) n∈Z of bornological complexes with surjective maps
whose projective limit is the complex
X (A, I) is naturally filtered by the subcomplexes F n X (A, I) = Ker( X → X n ). If B is another complete bornological algebra and J ⊂ B a two-sided ideal, then the space of linear maps between the two projective systems (X n (A, I)) n∈Z and (X n (B, J )) n∈Z , or between X and X ′ for short, is given by
where Hom(X n , X ′ m ) is the space of bounded linear maps between the Z 2 -graded bornological complexes X n and X ′ m . Thus Hom( X , X ′ ) is a Z 2 -graded complex. It corresponds also to the space of linear maps {f : X → X ′ | ∀k, ∃n :
Sitting inside the latter are the subcomplexes of linear maps of order ≤ n:
Entire and periodic cyclic cohomologies. Let A be a complete bornological algebra. We focus on the X-complex of its analytic tensor algebra T A. In that case, the quotient
is always complete, and as a bornological vector space X(T A) is canonically isomorphic to the analytic completion Ω an A. The correspondence goes as follows [13, 20] : first, one has a T A-bimodule isomorphism
x da y ↔ x ⊗ a ⊗ y for a ∈ A , x, y ∈ T A , where T A := C⊕T A is the unitalization of T A. This implies that the bornological space Ω 1 T A ♮ is isomorphic to T A⊗A, which can further be identified with the analytic completion of odd forms Ω − an A, through the correspondence x⊗a ↔ xda, ∀a ∈ A, x ∈ T A. Thus collecting the even part X 0 (T A) = T A and the odd part X 1 (T A) = Ω 1 T A ♮ together, yields a linear bornological isomorphism X(T A) ∼ = Ω an A. The key point [13, 20] is that the complex X(T A) is homotopy equivalent to the complex of entire chains Ω ǫ A endowed with the differential (b + B). Concretely, the square of the Karoubi operator κ 2 has discrete spectrum, hence the space of differential forms ΩA decomposes into a direct sum of generalized eigenspaces. One of the eigenvalues is 1. Let P : ΩA → ΩA denote the projection onto the corresponding eigenspace, annihilating the other ones. One shows that P is bounded for the analytic and entire bornologies, hence extends to Ω an A and Ω ǫ A. The point is that the complexes (X(T A), ♮d, b) and (Ω ǫ A, b + B) retract on P X(T A) and P Ω ǫ A respectively [20] . Moreover, if c : Ω an A = X(T A) → Ω ǫ A is the bornological isomorphism (4) induced by the rescaling (−)
[n/2] [n/2]! on n-forms, then the restriction to 1-eigenspaces
is an isomorphism of bornological complexes, i.e. the differential ♮d ⊕ b corresponds exactly to b + B. In the following, P ΩA will be called the subspace of cyclic forms. From this we get the definition of bivariant entire cyclic cohomology [20] : 
Thus the bivariant cocycles are the bounded chain maps between X(T A) and X(T B). One can show that the X-complex of T C is homotopy equivalent to X(C) : C ⇄ 0, hence for any algebra A, HE * (C, A) is isomorphic to the entire cyclic homology HE * (A) = H * (X(T A)), and HE * (A, C) is isomorphic to the entire cyclic cohomology HE * (A) = H * (Hom(X(T A), C)). The composition of bounded chain maps being bounded, one has an obvious composition product HE i (A, B) × HE j (B, C) → HE i+j+2Z (A, C) for three complete bornological algebras A, B, C. Any bounded homomorphism ρ : A → B extends uniquely to a bounded homomorphism T ρ : T A → T B by letting T ρ(a) = ρ(a), ∀a ∈ A, whence a bivariant cyclic cohomology class represented by the induced chain map X(T ρ) : X(T A) → X(T B). This gives the functoriality of entire cyclic cohomology. Let us now turn to the periodic theory. It is based on the adic filtration (14) for the complex X(T A) with respect to the ideal J A ⊂ T A associated to the universal extension 0 → J A → T A → A → 0. Under the isomorphism of bornological algebras T A ∼ = (Ω + an A, ⊙), J A is isomorphic to the completion of the space of differential forms of degree ≥ 2 for the analytic bornology. Consequently, the completion (J A) n of the nth power of J A in T A is
and under the vector space isomorphism X(T A) ∼ = Ω an A, the filtration F n J A X(T A) corresponds to the Hodge filtration of Ω an A [13, 20] :
This allows to compute explicitly the associated Z 2 -graded bornological complex X n (T A, J A):
The homology in degree n mod 2 of this complex is the nth cyclic homology group HC n (A). The projective system (X n (T A, J A)) n∈Z and its limit X (T A, J A) lead to the definition of periodic cyclic cohomology: Definition 2.2 Let A and B be complete bornological algebras. The bivariant periodic cyclic cohomology of A and B is the homology of the Z 2 -graded complex (17) of linear maps between the projective limits X (T A, J A) and X (T B, J B):
For any n ∈ N, the non-periodic cyclic cohomology group HC n (A, B) of degree n is the homology, in degree n mod 2, of the Z 2 -graded subcomplex (18) of linear maps of order ≤ n:
The embedding Hom n ֒→ Hom n+2 induces, for any n, the S-operation in bivariant cyclic cohomology S : HC n (A, B) → HC n+2 (A, B), and Hom n ֒→ Hom yields a natural map HC n (A, B) → HP n+2Z (A, B).
As in the case of entire cyclic cohomology, the groups HP * (C, A) and HP * (A, C) compute respectively the periodic cyclic homology HP * (A) = H * ( X (T A, J A)) and the periodic cyclic cohomology HP * (A) = H * (Hom( X (T A, J A), C)) of A. For the non-periodic theory, HC n (A, C) computes the nth cyclic cohomology group HC n (A) = H n+2Z (Hom(X n (T A, J A), C)). One has also the composition products HC n (A, B) × HC m (B, C) → HC n+m (A, C) and
Unbounded bimodules
Let A and B be two complete bornological algebras. In this section we recall the construction of the bivariant Chern character
performed in [24] . This map associates a bivariant entire cyclic cohomology class to any θ-summable unbounded A-B-bimodule (where B is the unitalization of B, see the definitions below). First one has • A Z 2 -graded separable Hilbert space H and the obvious right B-module E = H⊗B.
• A bounded homomorphism ρ : A → End B (E) sending A to the even degree endomorphisms of E. Hence E is a bornological left A-module.
• An unbounded endomorphism D : Dom(D) ⊂ E → E of odd degree, defined on a dense domain of E and commuting with the right action of B:
We call D a Dirac operator.
• The commutator [D, ρ(a)] extends to an element of End B (E) for any a ∈ A.
• For any t ∈ R + , the heat kernel exp(−tD 2 ) is densely defined and extends to a bounded endomorphism of E.
We denote by Ψ(A, B) the set of such unbounded bimodules.
This definition differs slightly from [24] , where H could be any complete bornological vector space. We restrict ourselves to separable Hilbert spaces here in order to introduce the Schatten ideals ℓ p (H) in the subsequent sections. Thus any triple (E, ρ, D) should be viewed as a Hilbert bundle E over the noncommutative "space" B, endowed with a representation of A as bounded endomorphisms, together with a family of Dirac operators "over B". The geometric meaning of such objects should be clear.
If A and B are both trivially graded, we introduce the higher unbounded bimodules. Let C 1 = C ⊕ εC, be the first complex Clifford algebra. It is the Z 2 -graded algebra generated by the unit 1 in degree zero and ε in degree one, with ε 2 = 1. For any trivially graded complete bornological algebra B, the tensor product C 1⊗ B is thus a Z 2 -graded complete bornological algebra. One has the following descriptions of Ψ * (A, B) for * = 0, 1 [24] :
be such a bimodule, with E = H⊗B. The Hilbert space H is Z 2 -graded, hence it comes equipped with an involutive operator Γ, Γ 2 = 1, which splits H into two eigenspaces H + and H − of even and odd vectors respectively. Also the right B-module E splits into two eigenspaces E ± = H ±⊗ B. We adopt the usual 2 × 2 matrix notation
The even (resp. odd) part of the Z 2 -graded algebra End B (E) is represented by diagonal (resp. off-diagonal) matrices. By definition the homomorphism ρ → End B (E) commutes with Γ, whereas D anticommutes. In matricial notations one thus has
for any a ∈ A.
• Ψ 1 (A, B): Let (E, ρ, D) be an odd bimodule. Then E is the direct sum of two copies of K⊗B for a given trivially graded Hilbert space K:
and the right action of C 1⊗ B on E is such that ε flips the two factors. It follows that any endomorphism z ∈ End C1⊗B (E) reads
with x, y ∈ End B (K⊗B). As a consequence, there is a bounded homomorphism α : A → End B (K⊗B) and an unbounded endomorphism Q : K⊗B → K⊗B such that
This is the general matricial form for an element of Ψ 1 (A, B).
The construction of the bivariant Chern character (27) for a bimodule (E, ρ, D) carrying suitable θ-summability conditions is then performed in two steps: a) We work in Quillen's algebra cochains formalism [28] . Using the exponential of the curvature of a superconnection, we introduce a bounded chain map χ(E, ρ, D) from the (b + B)-complex of entire chains Ω ǫ A to the X-complex of B.
b) (E, ρ, D) is lifted to a T A-T B-bimodule.
Step a) thus yields a chain map from Ω ǫ T A to X(T B). The bivariant Chern character corresponds to the left composition of the latter map with the homotopy equivalence X(T A)
given by the Goodwillie theorem [20, 24] .
For our purpose we need essentially to recall the detailed construction of step a). For this, we use the formalism of algebra cochains [28] adapted to the bornological framework [24] . Let A be a complete bornological algebra, ΩA = n≥0 Ω n A the (b, B)-bicomplex of noncommutative forms over A, with
where B n (A) = A⊗ n and B 0 (A) = C. Endow B(A) with the entire bornology S ǫ (B(A)) generated by the sets n≥0 [n/2]! S ⊗n for any S ∈ S(A). We denote by B ǫ (A) the completion of B(A) with respect to this bornology. B ǫ (A) is a coassociative coalgebra, the (bounded) coproduct ∆ :
for any a j ∈ A. There is a natural Z 2 -graduation on B ǫ (A), coming from the parity of n in the string a 1 ⊗ . . . ⊗ a n . Furthermore, one has a (bounded) boundary map b ′ : B ǫ (A) → B ǫ (A) of odd degree:
There is an associated free bicomodule Ω 1 B ǫ (A) = B ǫ (A)⊗A⊗B ǫ (A), with bounded left and right bicomodule maps
It is gifted with the natural Z 2 -graduation coming from the parity of n in the string (a 1 ⊗ . . .
There is also a bounded projection of even degree ∂ :
It is a coderivation (∆∂ = (id ⊗∂)∆ l +(∂ ⊗id)∆ r ) and a morphism of complexes (∂b
The last operator we need is the injection ♮ : Ω ǫ A → Ω 1 B ǫ ( A) defined on the space of entire chains over A:
for any a 0 in the unitalization A = C ⊕ A and a j ∈ A. Then ♮ is a cotrace, i.e. if σ :
denotes the map which permutes the two factors (with signs according to the degrees of the elements), then one has ∆ l ♮ = σ∆ r ♮ and σ∆ l ♮ = ∆ r ♮.
Consider now a trivially graded complete bornological algebra B, and let (E, ρ, D) ∈ Ψ * (A, B) be an unbounded A-B-bimodule, with E = H⊗ B for some Hilbert space H. The unitalized de Rham-Karoubi completion Ω δ B of differential forms over B is naturally a left B-module, so that we can form the bornological tensor product over B
It is a complete bornological right Ω δ B-module, endowed with the differential induced by Ω δ B. For the compatibility with the X-complex notations, we write d for the differential of Ω δ B, so that a string like b 0 db 1 . . . db n is a n-form over B. Then the induced map d :
be the unital algebra of bounded endomorphisms of Ω δ E, commuting with the right action of Ω δ B. It is a complete DG algebra. Its differential is induced by the action of d on Ω δ E, and the unit element 1 ∈ L verifies d1 = 0. We denote by m : L⊗L → L the associative product of endomorphisms, and by m ′ : L⊗Ω δ E → Ω δ E the left action. Introduce now the complete bornological space of bounded linear maps
It is a Z 2 -graded associative algebra for the convolution product
It is endowed with two anticommuting differentials δ and d, coming respectively from the boundaries b ′ on B ǫ ( A) and d on L:
which moreover satisfy the Leibniz rule for the convolution product. Associated to the
the left and right multiplication maps being respectively given by f γ = m • (f ⊗ γ)•∆ l and γf = m•(γ ⊗f )•∆ r , for any f ∈ R, γ ∈ M. M is also endowed with two anticommuting differentials dγ = d • γ and δγ = −(−) |γ| γ • b ′′ , compatible with the R-bimodule maps in the sense that they fulfill the Leibniz rule. Also, the transposed of the canonical coderivation ∂ : Ω 1 B ǫ ( A) → B ǫ ( A) yields a bounded derivation ∂ : R → M, commuting with d and δ. Finally, the left L-module Ω δ E yields a left R-module
The module map R × F → F comes from the convolution product
It is immediate to check the compatibility of this action with the product on R: the coassociativity of
for any ξ ∈ F, and these differentials are compatible with the ones on R, i.e.
We now turn to the construction of a superconnection on F . The bounded homomorphism ρ : A → End B (E) yields an homomorphism from A to L, which we extend to a unital homomorphism from A to L still denoted by ρ. The thus defined map can be viewed as a cochain on B ǫ ( A) with values in L, so that ρ is an odd degree element of R. Moreover, the unbounded endomorphism D on E determines an unbounded operator of odd degree on F . Then the superconnection D : F → F is defined as
Its curvature
is an unbounded endomorphism of F . Since the Chern character involves the exponential of D 2 , it is necessary to impose the following θ-summability condition: 
the ideal of trace-class operators on H.
Recall that we have a derivation of degree zero ∂ : R → M. Thus the derivative ∂ρ of the homomorphism ρ ∈ R is an odd element of M. Assuming the θ-summability condition 3.3, we form the following map defining an odd element of M:
µ should be viewed as the component of the formal exponential exp(−D 2 + ∂ρ) of degree one with respect to ∂ρ. Then composing µ by the cotrace ♮ :
. The next step is to compose µ♮ with a partial supertrace τ :
This depends on the parity of the bimodule (E, ρ, D):
• (E, ρ, D) ∈ Ψ 0 (A, B): The Hilbert space H = H + ⊕ H − is Z 2 -graded, and we denote by Tr s the supertrace of operators on H. Then τ is by definition the even partial supertrace
The composite τ µ♮ is therefore an even entire cochain in Hom(Ω ǫ A, Ω δ B). Remark that τ commutes with the differential d on ℓ 1 (H)⊗ Ω δ B ⊂ L and Ω δ B respectively.
• (E, ρ, D) ∈ Ψ 1 (A, B): Then E = H⊗ B, where H is the direct sum of two copies of a trivially graded Hilbert space K. The algebra of endomorphisms of E corresponds to the tensor product End B (K⊗ B)⊗C 1 , where C 1 is the Clifford algebra generated by the odd element ε. Since µ is made out of ρ and D, one sees that µ takes its values in the algebra ℓ 1 (K)⊗ Ω δ B⊗C 1 . Then τ corresponds to the odd partial supertrace
where Tr is the usual trace of operators on the trivially graded algebra ℓ 1 (K) and ζ is the unique odd supertrace on C 1 , verifying ζ(1) = 0 and ζ(ε) = √ 2i. The latter choice is the only normalization compatible with Bott periodicity and the bivariant Chern character, see [24] . The composite τ µ♮ is then an odd entire cochain in Hom(Ω ǫ A, Ω δ B). Remark that τ anticommutes with the differential
Let now p X : Ω δ B → X(B) be the natural projection. Then the composite χ(E, ρ, D) = p X τ µ♮ defines a bounded entire cochain on A with values in the X-complex of B.
where * = 0, 1 is the degree of the bimodule.
Proof: See [24] proposition 6.5.
The fundamental property of χ(E, ρ, D) is its homotopy invariance with respect to ρ and D. This requires to introduce the Chern-Simons transgression, obtained by a straightforward modification of the construction above. Let ρ t and D t depend smoothly on a real parameter t ∈ [0, 1] (for a precise statement of all this, see [24] ). Then we replace the previous module F by the new one 
whose curvature reads
t . This gives rise to the trace-class map
The composite τ µ♮ therefore defines a bounded map from
be the natural projection (for simplicity, we shall assume in the following that X(B) is complete, which is always the case for the universal algebras we will deal with). Then the entire chain
is by definition the Chern-Simons transgression associated to the families ρ t and
, be a differentiable family of θ-summable bimodules. Then the cohomology class of the cocycles χ(E, ρ t , D t ) is independent of t. One has
Proof: See [24] proposition 6.7.
We now discuss briefly step b), that is, the lifting of (E, ρ, D) ∈ Ψ * (A, B) to a T A-T B-bimodule. Consider the analytic completion Ω an B (section 2) and its unitalization Ω an B. Thus Ω an B is a unital DG algebra, whose differential is d. It is also a bornological left B-module, so that we can form the space of analytic forms with values in E = H⊗ B:
As a bornological vector space, Ω an E is isomorphic to H⊗ Ω an B and is naturally a right Ω an B-module. Moreover, it is canonically endowed with the action of
an B be the subspace of even degree forms. We define on Ω + an E a right action ⊙ of the unitalized tensor algebra T B ∼ = ( Ω + an B, ⊙), by deforming the usual product of differential forms into a Fedosov one:
where dξ ∈ Ω an E and dω ∈ Ω an B are odd degree differential forms. It is easy to check the right T B-module
Hence, as a right T B-module, Ω + an E is exactly isomorphic to H⊗ T B. Our goal now is to define a left representation of T A as a bounded homomorphism ρ * : T A → End T B (Ω + an E). This is also given by a Fedosov-type deformation of the usual product. The homomorphism ρ : A → End B (E) provides a bounded linear map ρ * :
where ρ(a) and dρ(a) are viewed as elements of the DG algebra End ΩanB (Ω an E), while ξ, dξ are elements of Ω an E. One has ρ * (a) ⊙ (ξ ⊙ ω) = (ρ * (a) ⊙ ξ) ⊙ ω for any ω ∈ T B, hence ρ * (a) is indeed an endomorphism of Ω + an E. This induces a representation of the analytic tensor algebra ρ * :
Under the identification of algebras T A ≃ (Ω + an A, ⊙), the above action reads 
The sign + in front of dD is due to the odd degree of the endomorphism D. In general, the thus obtained triple (Ω may not be a bounded endomorphism for any x ∈ T A, and second the heat kernel associated to the Laplacian of D has to be defined carefully. Since we work with Fedosov products, note that the Laplacian is D ⊙2 = D 2 + dDdD, and its exponential is given by the formal power series
We showed in [24] lemma 7.1 that this Fedosov exponential can be interpreted as a Duhamel-type expansion
Here e siH is the exponential for the usual product. A complete expansion of exp ⊙ H in degree of differential forms yields a finite number of terms in each degree, automatically incorporating the usual heat kernel e 
provided appropriate θ-summability conditions are imposed on the lifted triple (this is called strong θ-summability in [24] ). The (b + B)-complex Ω ǫ T A calculates the entire cyclic homology of T A, which is known to be isomorphic to the entire cyclic homology of A by the generalized Goodwillie theorem [20] . We constructed in [24] an explicit bounded chain map γ : X(T A) → Ω ǫ T A realizing this equivalence. Hence the composition with χ(Ω + an E, ρ * , D) yields an entire cocycle in Hom(X(T A), X(T B)) whose class
is the bivariant Chern character of the unbounded bimodule (E, ρ, D) ∈ Ψ * (A, B).
It is important to note that, under the homotopy equivalence ( 
Retraction of the entire Chern character
Let (E, ρ, D) be an unbounded A-B-bimodule. Under some p-summability assumptions, we shall retract the entire cocycle χ(E, ρ, D) ∈ Hom(Ω ǫ A, X(B)) into a collection of finite-dimensional (periodic) cocycles χ n ∞ (E, ρ, D) for any n > p − 1. This will allow us to obtain a bivariant Chern character for psummable bounded Kasparov bimodules. The retraction process presented here is exactly the bivariant analogue of the Connes-Moscovici retraction [8] of the Chern character for finitely summable K-cycles.
Recall that in the preceding section we constructed for any θ-summable bimodule (E, ρ, D) ∈ Ψ * (A, B) , [8] . This requires to impose some finite-summability conditions. For any n ∈ N, let χ n (E, ρ, D) be the restriction of χ(E, ρ, D) to the space of n-forms Ω n A. In other words, χ n is the composition of χ with the bounded canonical map Ω n A → Ω ǫ A. Similarly, we denote by cs n the restriction of cs to Ω n A.
is p-summable iff for any t > 0, the bimodule (E, ρ, tD) is θ-summable, and for any integer n > p one has i) lim t→0 χ n+1 (E, ρ, tD) = 0; ii) cs n (E, ρ, tD), as a one-form with respect to dt, is integrable over
Then given a p-summable bimodule, the entire cocycle χ retracts onto a collection of periodic cocycles, i.e. chain maps from the (b + B)-complex Ω ǫ A to X(B) which vanish on the subspaces Ω k A for k sufficiently large:
be a p-summable bimodule. Then for any integer n > p − 1 and T ∈ R * + , the formula Proof: From proposition 3.5, one has (with χ n (tD) = χ n (E, ρ, tD))
for any n ∈ N. By the p-summability assumption, one has lim t→0 χ n (tD) = 0 for any n > p + 1, thus
Now let n > p − 1. The infinite sum ∞ k=n+1 cs k (tD) is an entire cochain over A, thus the entire cocycle
is cohomologous to χ(T D) for any T > 0, thus in particular cohomologous to χ(E, ρ, D) by homotopy invariance with respect to T . Since χ = ∞ k=0 χ n , we may write
The infinite sum vanishes by virtue of equations (67) and (68), whence the formula given for χ n T (D). Next, from the definition one sees that the difference
is a coboundary in the complex of periodic cochains. Moreover, the derivative of χ n T (D) with respect to T reads
which proves that the periodic cyclic cohomology class of χ n T (D) is independent of T .
We now take a zero-temperature limit of the retracted cocycles. In order to avoid analytical difficulties with the kernel of the Dirac operator, we shall assume from now on that D 2 is an invertible (unbounded) endomorphism of the Hilbert module E. This will allow to derive the concrete formulas for a bivariant Chern character on quasihomomorphisms and invertible extensions in section 6. We first have to assume the following stronger conditions:
is integrable over [0, ∞) for any real u > 0. ii) For any integer n ≥ 0, one has lim t→∞ χ n (E, ρ, tD) = 0 and the one-form cs n (tD) is integrable over [T, ∞) for any T > 0.
Condition ii) implies that the limit T → ∞ of the cocycle χ n T (E, ρ, D) exists for all n > p − 1. Thus the finite-dimensional cocycles
represent the same periodic cohomology class for any n > p − 1. With condition i), it is possible to retract (E, ρ, D) onto a bounded Fredholm bimodule [3] . For any parameter u ∈ (0, 1], we define
where C(u) 
and let D : F → F be the superconnection
Then with the notations of section 3, the following bounded map (here we have to replace Ω * R + by Ω * [η, ∞) with η > 0 in order to avoid divergencies when t → 0)
verifies the Bianchi identity of [24] , proposition 6.4:
where ♮ : Ω ǫ A → Ω 1 B ǫ ( A) is the cotrace. Let τ be the partial trace (49,50), and p X : Ω δ B → X(B) be the natural projection. Then p X τ µ♮ is a bounded map from Ω ǫ (A) to X(B)⊗Ω * [η, ∞)⊗Ω * [0, 1] satisfying the cocycle condition (see [24] propositions 6.5 and 6.7)
where * = |τ | is the degree of the bimodule (E, ρ, D). We may decompose the map p X τ µ♮ into its components corresponding to different powers of dt, du: χ = component of p X τ µ♮ involving no dt, du; cs = " containing only dt; β = " containing only du; α = " containing dt du.
Also, we denote by χ n , cs n , β n and α n their restrictions to the space of n-forms Ω n A. Taking the dt du component of the cocycle condition above yields
or equivalently for any n ∈ N:
.
denote the integration of differential forms over [0, ∞) with respect to the parameter t. For any n ∈ N, one has lim t→∞ β n = 0. For n sufficiently large, the limit lim t→0 β n exists, and it vanishes because the curvature D 2 involves no term proportional to du. One thus has
Therefore the derivative of the periodic cocycle χ n ∞ (D u ) with respect to u reads (remark that d u anticommutes with the one-dimensional current
and since the cochains α n b and α n+1 B have degree ( * + 1) mod 2, one sees that • ρ : A → End B (E) is a bounded homomorphism sending A to the even degree endomorphisms of E. Hence E is a bornological left A-module.
• F ∈ End B (E) is a bounded endomorphism of odd degree, such that F 2 = 1.
• [F, ρ(a)] ∈ ℓ p (H)⊗B for any a ∈ A, where ℓ p (H) is the Schatten ideal of p-summable operators on H. Then for any integer n > p − 1, such that * = n mod 2, the periodic cocycle χ n ∞ (E, ρ, F ) ∈ Hom(Ω ǫ A, X(B)) vanishes on Ω k A for any k = n, n + 1, and for any elements a 0 ∈ A, a 1 , ..., a n+1 ∈ A,
where S k denotes the cyclic permutation group of k elements and τ is the canonical supertrace of degree * on ℓ 1 (H). Moreover, χ Proof: We have to compute the cocycle (69) where D is replaced by F , with F 2 = 1. Recall that the Chern-Simons form cs n (tF ) defines a map from Ω n A to X(B)⊗Ω 1 [0, ∞), for n sufficiently large. We shall decompose cs n (tF ) into the two components corresponding to the projections X(B) → B and X(B) → Ω 1 B ♮ :
Consider the superconnection (52) with D t = tF , and ρ t = ρ is constant. Thus
and its curvature reads
Let p X,1 be the projection of Ω δ B⊗Ω where we retain only the component of degree 1 with respect to dt. Using [24] lemma A.2, one thus has
Since we take the restriction to the subspace of n-forms and retain only the degree one in dt, the exponential reduces to
where the sign (−) |τ | = (−) * comes from the permutation of dt with the graded trace τ , of the same parity as the bimodule (E, ρ, F ). Recall that ∂ is a derivation of degree zero, and since F is a 0-cochain on B ǫ ( A), one has ∂F = 0. Hence
Next, using the integral
and evaluating on a n-chain a 0 da 1 . . . da n ∈ Ω n A yields
Remark that this expression contains n + 2 powers of F . If the parity * is even, then the trace τ selects only even powers of F , whereas if * is odd, then τ selects only odd powers of F (see [24] ). Therefore, the expression above vanishes whenever the parity of n differs from * . Let us now compute cs Thus by [24] lemma A.2,
again with θ = t[F, ρ] + t 2 , and
Using the same tricks as before, this leads to
Again, the properties of τ imply that this expression vanishes whenever the parity of n is equal to * .
We now turn to the computation of ♮d cs n 0 (tF ). The trace property of ♮dτ · ♮ implies 
where we took care of the fact that dt anticommutes with ∂ρ, d and with τ when the latter is odd. Thus one has
This expression vanishes if n has parity * . Now, we want to compute only the cocycles χ n ∞ (E, ρ, F ) where n has parity * . In this case, the expression (69) evaluated on Ω n A and Ω n+1 A reduces to 
One has F ⊙ (ξ ⊙ ω) = (F ⊙ ξ) ⊙ ω for any ω ∈ Ω + an B, so that F becomes an odd element of the algebra of endomorphisms End T B (Ω + an E). However, one must take care of the fact that while F 2 = 1 as an endomorphism of E, its lift does not fulfill this property because the endomorphisms of Ω + an E are endowed with the Fedosov product. One has F ⊙2 = 1 + dF dF , so that the cocycles
are no longer given by the simple formulas of proposition 4.6. If we follow the proof of the proposition, we see that in many places a Fedosov exponential of the curvature dF dF must be inserted, coming from the new value of θ = t[F, ρ * ] ⊙ + t 2 + t 2 dF dF . We leave to the interested reader the task of deriving the complete formulas. In what follows, we will suppose that the Fredholm bimodule (E, ρ, F ) is put into a canonical form, for which dF = 0. This means that F = G ⊗ 1 B for some bounded operator G ∈ End(H). F is therefore a "constant" field of Fredholm operators over the space B. When dealing with ordinary Kasparov theory [3] , it is always possible to represent a KK-element by this kind of reduced bimodule. Since by construction d1 B = 0, one automatically has F ⊙2 = 1 and proposition 4.6 applies, with ρ replaced by ρ * and all products are replaced by the Fedosov ones. The bivariant Chern character therefore is the composition of the Goodwillie equivalence γ :
). In the following sections, we shall relate this construction to a universal language appropriate to quasihomomorphisms and invertible extensions, for which F is always constant field. We will show that the retracted bivariant Chern character is in fact a periodic cocycle, that is, an element of the However, these unbounded operators always come together with powers of the differential d. It is therefore possible to weaken the p-summability condition by imposing only a sequential finite summability as follows. Instead of working in Hom(Ω ǫ T A, X(T B)), we consider the adic filtration of T B by the ideal J B and, for any m ∈ Z, the graded complex
where
. Equation (24) shows that it only contains differential forms over B of degree less than m. For a fixed m, we are thus reduced to the study of the projections
for which we can reasonably impose a p m -summability condition as in definition 4.1 (p m will generally increase with m). The previous retraction process then holds, so that we get a collection of periodic cocycles χ This element corresponds to the image of the entire Chern character ch(E, ρ, D) under the natural map
This explains what is the retraction of the entire Chern character. If dF = 0, the subsequent sections show in fact that the retracted Chern character defines an element of the bivariant periodic cyclic cohomology
Note however that the latter cohomology does not coincide with the projective limit of cohomologies
unless B has finite homological dimension.
Universal cocycles
Let A be a complete bornological algebra. We shall construct a collection of bounded chain maps of even degree ch 2n : X(T A) → F 4n qA X(QA), and of odd degree ch 2n+1 : X(T A) → F 4n+2 q s A X(Q s A) for any n, where Q s A is the supersymmetric Fedosov algebra of differential forms over A. These universal cocycles are cohomologous to the retractions χ n ∞ introduced in the last section, associated to universal Fredholm bimodules. They will play a central role in the bivariant Chern character for KK-groups of section 6.
Consider the universal free product QA = A * A of section 2. The X-complex
is a Z 2 -graded bornological complex. Since QA is generated by the range of the two injections ι, ι : A → QA, the odd part of the X-complex Ω 1 QA ♮ is isomorphic, as a vector space, to QA⊗(A ⊕ A), where QA is the unitalization of QA. Indeed, any element of Ω 1 QA ♮ may be decomposed into a sum of terms like ♮ xdι(a) or ♮ xdι(a) for x ∈ QA and a ∈ A. As usual, let qA be the kernel of the folding map id * id : QA → A sending both ι(a) and ι(a) to a ∈ A, i.e. one has an exact sequence of algebras
We recall that qA is the two-sided ideal of QA generated by the elements q(a) = ι(a)−ι(a), ∀a ∈ A. As in section 2, we will consider the adic filtration of X(QA) by the subcomplexes
for any n ≥ 0. The following proposition introduces a collection of chain maps form the X-complex of the analytic tensor algebra T A to the subcomplexes F 4n qA X(QA), i.e. a collection of cocycles in the Z 2 -graded complexes Hom(X(T A), F 4n qA X(QA)). By convention we extend the two injections ι, ι to unital homomorphisms ι, ι : A → QA by setting ι(1) = ι(1) = 1, whence q(1) = 0. 
is constructed as follows. For any x ∈ Ω 2k A with k = n and a ∈ A, we set ch 2n (x) = 0 and ch 2n (♮xda) = 0; whereas for any 2n-chain a 0 da 1 . . . da 2n ∈ Ω 2n A and a 2n+1 ∈ A we set
Then ch 2n is a bounded chain map of even degree from X(T A) to F 4n qA X(QA), vanishing on the subcomplex F 
Proof: By direct computation, using repeatedly the identity
for any a, b ∈ A. This is tedious but rather straightforward, and we omit the details.
These cocycles are related to the character χ 2n ∞ of the universal Fredholm bimodule u 0 ∈ E 0 (A, QA) constructed as follows: we set u 0 = (E, ρ, F ), where E = QA ⊕ QA is the sum of two copies of QA with canonical Z 2 -graduation; the homomorphism ρ : A → M 2 ( QA) ∼ = End QA (E) and the odd Fredholm endomorphism F ∈ End QA (E) are given by the matrices 
Consequently, for any n ≥ 0, ch 2n+2 and ch 2n are cohomologous as periodic cocycles, i.e. the difference ch 2n+2 − ch 2n is the coboundary of a cochain in
so that with the supertrace Tr s on supersymmetric 2 × 2 matrices:
Taking into account the rescaling c : X(T A) ∼ = Ω an A → Ω ǫ A by a factor (−) n n! on a 2n-form, we deduce from proposition 4.6
A direct computation shows that it coincides with the evaluation of the κ-invariant cocycle
) on a 0 da 1 . . . da 2n . Now we consider the component of odd degree. Since d1 = 0, the term containing dF disappears. One has
and also
Consequently, proposition 4.6 implies
and a direct computation shows that it corresponds to 1 2n+1 ch 2n • (1 + κ + . . .+ κ 2n ) evaluated on the odd chain ♮ a 0 da 1 . . . da 2n da 2n+1 . To show that ch 2n+2 and ch 2n are cohomologous as periodic cocycles, we first consider the cocycles χ 2n+2 ∞ (u 0 ) and χ 2n ∞ (u 0 ). From the proof of proposition 4.2, one knows that their difference is a periodic coboundary:
Indeed by construction, the Chern-Simons transgressions cs 2n+2 and cs 2n+1 vanish on Ω k A for k > 2n+2, hence are periodic cochains. A direct computation as in the proof of proposition 4.6 shows that they involve sufficiently many commutators [F, ρ] so that their range lies in the subcomplex F 4n qA X(QA). This shows that I is a periodic cochain in Hom(Ω ǫ A, F 4n qA X(QA)). As in section 2, let P : Ω ǫ A → Ω ǫ A be the spectral projection onto the 1-eigenspace for the square of the Karoubi operator κ 2 , and P ⊥ = 1 − P be the orthogonal projection. The
hence the cyclic projection of ch 2n+2 − ch 2n is a periodic coboundary in the complex Hom(X(T A), F 4n qA X(QA)). The conclusion follows from the fact that P ⊥ X(T A) is a contractible subcomplex as well as the inverse system of complexes (P ⊥ X n (T A, J A)) n∈N assocated to the Hodge filtration [13] .
Let us now turn to the construction of odd cocycles. Recall that the algebra QA is isomorphic to the Fedosov algebra (ΩA, ⊙) of all differential forms over A, for the product
The correspondence sends ι(a) to a + da and ι(a) to a − da. Since (ΩA, ⊙) is naturally Z 2 -graded by the parity of differential forms, QA inherits this graduation. Under this correspondence, the action of the generator of Z 2 exchanges ι(a) and ι(a) for any a ∈ A, and Q s A denotes this algebra (ΩA, ⊙) considered in the Z 2 -graded category (section 2). Now we have to define carefully what is the X-complex of a superalgebra. As in the case of QA, the X-complex of Q s A is the supercomplex
Furthermore, the differential d on forms induces a chain map d :
It is easy to show that it is indeed a chain map, i.e. d commutes with the boundaries ♮d and b. As before, denote by q s A the kernel of the folding map id * id : Q s A → A. Then, q s A is the two-sided ideal of Q s A generated by the one-forms q(a) := ι(a) − ι(a) = 2da ∈ Ω 1 A. The X-complex of Q s A admits a decreasing filtration F 
is constructed as follows. For any x ∈ Ω 2k A with k = n + 1 we set ch 2n+1 (x) = 0. For any x ∈ Ω 2k A with k = n and a ∈ A, we set ch 2n+1 (♮xda) = 0.
Otherwise, for any elements a 0 ∈ A and a 1 . . . , a 2n+2 ∈ A we set
Then the map ch 2n+1 defines an odd periodic cocycle in the Z 2 -graded complex Hom(X(T A), F 4n+2 q s A X(Q s A)). Moreover, this universal cocycle fulfills the following cyclic property:
In fact the restriction of ch 2n+1 to the even part T A is already κ 2 -invariant: for any x ∈ Ω 2n+2 A, one has ch 2n+1 κ 2 (x) = ch 2n+1 (x).
Proof: By direct computation as in the even case.
These odd cocycles are also related to the character χ 2n+1 ∞ of an odd universal Fredholm bimodule. This requires to use the Zekri algebra EA = QA ⋊ Z 2 . We identify QA with the unitalization of the Fedosov algebra ( ΩA, ⊙). Thus any element of EA is a linear combination of elements of the form ω or ωX, for some ω ∈ QA, where X denotes the generator of Z 2 (i.e. X 2 = 1 and ω → XωX implements the action of Z 2 on QA). Since EA is already unital, we let u 1 ∈ E 1 (A, EA) be the triple (E, ρ, F ) where E = EA ⊕ EA, and ρ : A → M 2 (EA) and F ∈ M 2 (EA) are given by the matrices
Next, we need a bounded chain map of even degree η : X(EA) → X(Q s A). The latter is constructed as follows. First, remark that the even part X 0 (EA) = EA decomposes into elements corresponding to one of the six following possibilities: 1, X, ω + , ω − , ω + X or ω − X, for given differential forms of even/odd degree ω ± ∈ Ω ± A. Then we define η as
For the odd part X 1 (EA), a similar decomposition holds, and for any α ± , ω ± ∈ Ω ± A we set
and η vanishes on all other possibilities. With these definitions, it is easy to show that η is indeed a chain map. 
corresponding to the cyclic projection of ch 2n+1 :
where √ 2πi is the normalization factor accounting for Bott periodicity. Consequently, for any n ≥ 0, ch 2n+3 and ch 2n+1 are cohomologous as periodic cocycles in Hom(X(T A),
Proof: Under the identification of Q s A with ΩA, one has q(a) = X[X, a] = 2da and ι(a) + ι(a) = a + XaX = 2a. We calculate, with the odd trace (50)
Then proposition 4.6 yields, taking into account the rescaling c η χ
The equality
Similarly, one has
where the minus sign comes from the permutation of the odd trace τ with d, and
Thus proposition 4.6 implies
and a direct computation shows that η χ 2n+1 ∞ (u 1 )c corresponds precisely to the cyclic cocycle
. One proves as in the even case that ch 2n+3 and ch 2n+1 are cohomologous as periodic cocycles.
Bivariant Chern character on KK-groups
The universal cocycles introduced in the preceding section will allow us to derive a bivariant Chern character for p-summable quasihomomorphisms and invertible extensions, by the usual lifting procedure to tensor algebras. We thus get a natural map from the algebraic version of Kasparov theory to bivariant periodic cyclic cohomology. Due to finite summability, the approach followed here is largely independent of bornology and in fact can be performed over arbitrary algebras, without additional structure. We remain in the bornological framework mainly for convenience and compatibility with the previous sections.
We start with the even KK-group. Let A and B be trivially graded complete bornological algebras. In the following, H will always denote a trivially graded infinite-dimensional separable Hilbert space, L = L(H) the algebra of bounded operators on H, and for any p ∈ [1, ∞), ℓ p = ℓ p (H) is the Schatten ideal of p-summable operators. We will assume that a basis of H has been chosen, in other words H = ℓ 2 (N). Furthermore, we fix a bijection N × {1, 2} → N, so that the matrix algebra M 2 (L) is isomorphic to L. Also, we fix another bijection N × N → N yielding an isomorphism between H and the Hilbert space completion of H ⊗ H (which does not agree with the bornological tensor product). This in turn yields a bounded homomorphism ℓ p⊗ ℓ q → ℓ r for any p, q ≥ 1 and r = max(p, q). By definition, a p-summable quasihomomorphism from A to B is a p-summable bounded Fredholm bimodule (E, ρ, F ) ∈ E 0 (A, B) whose matricial representation reads
(100) The p-summability condition implies ρ + (a) − ρ − (a) ∈ ℓ p⊗ B for any a ∈ A. The quasihomomorphism is degenerate iff ρ + = ρ − . Remark that this definition is more restrictive than the usual one [3, 10] , since the range of ρ does not lie in the algebra of endomorphisms End B (E), but in the subalgebra M 2 (L⊗B). This restriction can be removed only upon the use of excision, see remark 6.5 below. Equivalently, we may describe a p-summable quasihomomorphism as the free product ρ + * ρ − : QA → L⊗B, sending the ideal qA to ℓ p⊗ B. Degenerate elements are such that qA is mapped to 0. As usual, a (differentiable) homotopy between p-summable quasihomomorphisms is an interpolating p-summable quasihomomorphism QA → L⊗B⊗C ∞ [0, 1]. The set of quasihomomorphisms is a semigroup for the direct sum 0 A maps to the element a ∈ A ⊂ T A = Ω 0 T A. Next, using the homomorphism property, for any element da 1 da 2 ∈ Ω 2 A one has
so that the evaluation of v A on a 2n-form in Ω 2n A can be determined recursively using the homomorphism property. This leads to the adic behaviour of v A with respect to the ideal J A associated to the universal extension 0 
and for k ≤ n the same inclusion holds obviously, since in this case J k−n = T T A. Now, denote by K the ideal in QT A generated by ι(J A) + ι(J A). We want to show that the composition ch 2n • X(v A ) maps the Hodge filtration F m J A X(T A) to F m−2n K X(QT A) for any m. Let us first investigate the case of m = 2k, where k is an arbitrary integer. Recall that the filtration of degree 2k is given by the subcomplex
because proposition 5.1 states that ch 2n vanishes on the filtration
Next, ch 2n maps a 2n-form x 0 dx 1 . . . dx 2n ∈ Ω 2n T A to q(x 0 )q(x 1 ) . . . q(x 2n ) ∈ QT A up to a multiplicative factor, hence if x i ∈ (J A) li one has
This shows that ch
In the same way we get 
. It remains to treat the odd case m = 2k + 1. One has
From the preceding computations, the cocycle ch
k dJ A requires more work. One has
We compute separately
and by choosing another splitting of the sum in (104),
Since ch 2n vanishes on the subspaces
This proves that ch
Finally, let us investigate the classifying homomorphism φ : QT A → T QA. For any differential form a 0 da 1 . . . da 2k ∈ Ω 2k A ⊂ T A, one has
and similarly for ι, so that φ obviously maps K to the ideal J QA associated to the universal extension 0 → J QA → T QA → QA → 0. This shows that the cocycle γ
J QA X(T QA) for any m, hence by definition it is of order ≤ 2n and its cohomology class is an element of HC 2n (A, QA). By proposition 5.2, we know that the difference ch 2n+2 − ch 2n is the coboundary of a chain in Hom(X(T T A), X(QT A)) vanishing on F A is independent of n.
Let now ϕ : QA → L⊗B be a p-summable quasihomomorphism. Thus ϕ sends qA to the ideal ℓ p⊗ B ⊂ L⊗B. Since L is a Banach algebra, it is tensoring according to the terminology of [20] , which means that we can lift ϕ to a bounded homomorphism ϕ * : T QA → L⊗T B. It is obtained first by passing to the analytic tensor algebras T ϕ : T QA → T (L⊗B), and then composing by the obvious multiplication map T (L⊗B) → L⊗T B (this is the critical step where we use the fact that L is tensoring). Then ϕ * necessarily maps the ideal I = Ker(T QA → T A) to the ideal ℓ p⊗ T B, whence a X-complex chain map compatible with the adic filtrations
Consider the natural morphism of [13] obtained by the multiplication map on
and let n be such that 2n ≥ p. Then the elements of F 
We define the bivariant Chern character of the quasihomomorphism ϕ as the composite Tr X(ϕ * )γ 2n A ∈ Hom(X(T A), X(T B)). Proof: By proposition 6.2, we already know that the chain map γ 2n A is of order ≤ 2n. Since the homomorphism ϕ * : T QA → L⊗T B clearly preserves the degree of differential forms, as well as the trace map Tr, we deduce that Tr X(ϕ * )γ 2n A is also of degree ≤ 2n. By refining the argument of proposition 6.2, we can show that the periodic cyclic cohomology class of ch 2n (ϕ) is independent of n: by proposition 5.2, the difference ch 2n+2 − ch 2n is the coboundary of a chain in Hom(X(T T A), F 4n qT A X(QT A)) vanishing on F k J T A X(T T A) for k sufficiently large, and this is compatible with taking the trace map Tr. The homotopy invariance in periodic theory comes from the fact that the periodic cohomology class of the chain map X(ϕ * ) : X(T QA) → X(L⊗T B) is always homotopy invariant with respect to the homomorphism ϕ (see [14, 20] (A, B) . Its periodic class ch(ϕ), accounting for the functoriality of HP , will simply be denoted by ch(ρ). More generally, the periodic Chern character of a quasihomomorphism ρ + * ρ − : QA → B is the difference ch(ρ + ) − ch(ρ − ) ∈ HP 0 (A, B).
Remark 6.5 The periodic class of the cocycles γ 2n A can be interpreted using excision for the exact sequence 0 → qA → QA → A → 0. Let X(T QA : T A) be the kernel of the chain map X(T (id * id)) : X(T QA) → X(T A). Then excision shows [14, 20, 21] that the morphism X(T qA) → X(T QA : T A) induced by the injection qA → QA is a homotopy equivalence. Hence X(T QA : T A) computes the cyclic homology of qA. Moreover, HP 0 (A, qA) is a direct summand in HP 0 (A, QA), and A is HP -equivalent to qA. The class ch(ι) − ch(ι) ∈ HP 0 (A, qA) of the chain map X(T ι)−X(T ι) sending X(T A) to X(T QA : T A) is an invertible element realizing this equivalence. Its inverse in HP 0 (qA, A) is represented by the chain map X(T π 0 ) associated to the homomorphism π 0 = id A * 0 : qA → A. Now, remark that our cocycles γ 2n A are cohomologous in the complex Hom(X(T A), X(T QA : T A)), and an easy computation shows that γ 0 A corresponds precisely to the difference X(T ι) − X(T ι). Hence, we have a realization of the HP -equivalence between A and qA by an infinite collection of non-periodic cocycles [γ 2n A ] ∈ HC 2n (A, QA), whose periodic class coincide with ch(ι) − ch(ι) ∈ HP 0 (A, qA) ⊂ HP 0 (A, QA). Of course, they all represent the bivariant Chern character of the universal Kasparov module u 0 ∈ E 0 (A, QA) of section 5. The interesting feature of these cocycles is that they involve more powers of qA when n increases, so that by selecting a sufficiently large n we are able to construct a Chern character for any p-summable quasihomomorphism.
Remark 6.6 Excision also shows that the algebras ℓ p⊗ B and B are HPequivalent [11] . Once again, our bivariant Chern character realizes this Morita equivalence by two invertible elements in HP 0 (B, ℓ In fact all the relevant information of a p-summable quasihomomorphism ϕ is contained in its restriction ϕ : qA → ℓ p⊗ B to the ideal qA [10] . The remarks above show that up to homotopy, the periodic Chern character ch(ϕ) represented by any of the cocycles Tr X(ϕ * )γ By the way, this property implies the compatibility of the Chern character with the Kasparov product whenever it is defined. To see this, let A, B, C be three algebras. For any p, q ≥ 1, let µ : ℓ p⊗ ℓ q → ℓ r , r = max(p, q) be the homomorphism induced by the identification of H = ℓ 2 (N) with ℓ 2 (N 2 ). Given a p-summable quasihomomorphism ϕ 1 : qA → ℓ p⊗ B and a q-summable quasihomomorphism ϕ 2 : qB → ℓ q⊗ C, we say that ϕ 1 and ϕ 2 are composable [14] if there exists a homomorphism ϕ is homotopic to ϕ 1 . Then the composition ϕ 1 · ϕ 2 = (µ⊗ id) • (id⊗ϕ 2 ) • ϕ ′ 1 is a r-summable quasihomomorphism qA → ℓ r⊗ C defining a Kasparov product of ϕ 1 and ϕ 2 . This may be depicted in the following diagram, which commutes up to homotopy:
The product ϕ 1 · ϕ 2 may not be well defined at the level of KK-groups. In particular its homotopy class in KK 0 (A, C) may depend on the choice of the lifting ϕ 
Applying the functor X(T · ), taking into account the fact that i (p) and π 0 induce homotopy equivalences and combining the result with (109), we get the diagram X(T (qA))
ch(ϕ2) / / X(T C) commuting up to homotopy, whence ch(ϕ 1 · ϕ 2 ) = ch(ϕ 1 ) · ch(ϕ 2 ).
Note that according to the discussion at the end of section 4, if a p-summable quasihomomorphism ϕ : QA → L⊗B comes from a (sequentially) finitely summable unbounded module (E, ρ, D) ∈ Ψ 0 (A, B), then the periodic Chern character ch(ϕ) is a retraction of the entire Chern character ch(E, ρ, D) ∈ HE 0 (A, B). We collect the preceding results in a theorem. 
compatible with the Kasparov product between quasihomomorphisms whenever the latter is defined.
We now deal with the odd finitely summable KK-group, which corresponds basically to invertible extensions of A by ℓ p⊗ B. We say that a p-summable bounded Fredholm bimodule (E, ρ, F ) ∈ E 1 (A, B) is a p-summable invertible extension iff in matricial form one has 
The bivariant Chern character of the invertible extension is the composite √ 2πi Tr s X(ϕ * )γ Remark that the degree of the non-periodic cocycle ch 2n+1 (ϕ) is equal to 2n + 3 and not 2n + 1. This worse estimate is due to the choice of the parity of n in proposition 4.6, which was only motivated by the simplicity of the corresponding formulas for the universal cocycles ch 2n+1 .
